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Abstract. The Lipschitz and harmonic capacities k and Kc in R" 
can be considered as high-dimensional versions of the so-called analytic 
and continuous analytic capacities 7 and a (respectively). 

In this paper we provide a dual characterization of Kc in the spirit of 
the classical one for the capacity a by means of the Garabedian function. 
Using this new characterization, we show that k{E) — K.{doE) for any 
compact set E C R", where doE is the outer boundary of E, and we 
solve an open problem posed by A. Volberg, which consists on estimating 
from below the Lipschitz harmonic capacity of a graph of a continuous 
function. 



1. Introduction 

Let Lip;^Q^(M") be the set of real- valued locally Lipschitz functions (with 
exponent 1) on and C^(M") the set of real- valued continuously differen- 
tiable functions on M". If £^ C is a bounded set and 

U'{E) = {ipe Lip,^„^(M") : suppAv9 C E, V(^(oo) = 0}, 

U'^{E) = C^(IR") : suppA(^ C E, V(^(oo) = 0}, 

the Lipschitz and harmonic capacities of E are defined by 

k{E) = sup{(l, : G U'{E), \\V^\\oo < 1}, 

Kc{E) = sup{(l, Aip):ipe U^{E), \\Vip\\oo < 1}, 

where (/, A(p) means the action of the compactly supported distribution A(p 
on a smooth function /, and ||V(/3||oo is the L°° norm of the gradient V(/3 
with respect to the Lebesgue measure in M". The symbol A denotes the 
Laplacian operator in M"'. 

In order to deal with the problem of harmonic approximation in the C^- 
norm, P. Paramonov introduced in [Paj the capacities k and Kc, and gave 
a description, in terms of these capacities, of the compact sets E C M" 
(with n > 2) such that any function harmonic in the interior of E can 
be approximated in the C^-norm by harmonic functions in a neighborhood 
of 
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The capacities k and Kc can be understood as high-dimensional versions 
of the so-cahed analytic and continuous analytic capacities 7 and a (respec- 
tively). Recall that, for a compact set E C C, 

7(i?) = supi/'(oo)|, 

where the supremum is taken over all analytic functions / : C \ -E — > C with 
I/I < 1 on C \ ii^, and /'(oo) = \im 00 z{f{z) — f{oo)). The continuous 
analytic capacity a has the same definition as 7 except that one also requires 
the functions / to be continuous in C and |/| < 1 everywhere. 

The analytic capacity was first introduced by L. Ahlfors in |Ah] when he 
was characterizing the removable compact sets for bounded analytic func- 
tions in the plane. The continuous analytic capacity was defined by A. 
Vitushkin in [Vij when he dealt with the problem of rational approximation 
in the uniform norm on compact sets of the plane. Both capacities have been 
studied by many authors since then (see |Gt] for a nice survey on results re- 
lated with 7 and a, and |Da] or |Tol] for more recent results). In particular, 
there exists a dual characterization of a that can be stated as follows: let 

C C be the closure of a bounded domain with smooth boundary. Then, 

a(0)=inf|— [ \h{z)\ds : h e H^in''),h{oo) = l\, 
[ 2vr Jqq J 

where ds denotes the arc length and H^[^'^) is the Hardy space of functions 
h analytic in i}^ U {00} such that the subharmonic function \h(z)\ has a 
harmonic majorant. It is also proved that the infimum is attained, and 
the function ip that solves the extremal problem is called the Garabedian 
function of so a{Q) = ^ Jq^ \Tp{z)\ds. 

A classical way to construct the Garabedian function is to use the Hahn- 
Banach theorem and the F. and M. Riesz theorem. Observe that the quan- 
tity a{i}) is the norm of the functional / 1— > /'(oo) = ^ Jq^ f{z)dz on the 
space of continuous functions outside intil that are analytic outside il, which 
is a subspace of the continuous functions on dQ. By the Hahn-Banach theo- 
rem one can find a measure fi supported on dfl, orthogonal to the functions 
analytic outside $7, and such that 

a{n) = ^ I \dz + dfi\. 

The F. and M. Riesz theorem ensures that, in fact, dz + dfi{z) = ip{z)ds for 
an analytic function ip that solves the extremal problem (see |Gtl section 
1.4] for more details). 

The aim of this paper is to give a dual characterization of the har- 
monic capacity Kc in terms of some "Garabedian function" and to use this 
"function" to deduce some properties of Kc and k. This characterization is 
stated in theorem 13.31 and it is based on the Hahn-Banach theorem, as can 
be done for the capacity a. 

Unfortunately, the F. and M. Riesz theorem can not be generalized to 
higher dimensions in the sense that we need, because the capacity Kc is de- 
fined in terms of gradients of harmonic functions and there are examples of 
measures orthogonal to those gradients which are not absolutely continuous 
with respect to the surface measure (see |Maj ) . This means that, instead 
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of a "Garabedian function", we will just have a "Garabedian measure" that 
minimizes some quantity. We will be able to deduce some geometric prop- 
erties of that minimal measure by adapting a theorem of B. Gustafsson and 
D. Khavinson about measures on dQ orthogonal to harmonic gradients (see 
theorem 13. ip and by proving a theorem about restrictions to di} of orthog- 
onal measures on (see proposition 13.20 . 

Many properties of the Lipschitz and harmonic capacities were recently 
proven. The semiadditivity is a very important one, and it was obtained by 
A. Volberg in [VoJ for the capacity k. A little bit later, A. Ruiz de Villa and 
X. Tolsa proved in |RTj that Kc is also semiadditive. See [MPj and |Rzj for 
other interesting properties about these capacities. 

We will obtain two new results on the capacity k, from theorem l3.31 namely 
theorem 14.11 and theorem 14.21 The first one states that n{E) = K(doE) for 
any compact set E C M", where doE denotes the outer boundary of E (i.e., 
the boundary of the unbounded component of E^). This property is obvious 
for the capacity 7 because of the defining conditions, but this is no longer 
trivial for k. Evidently, one have k{E) > K{doE). The difficulties appear 
when one tries to prove the reverse inequality. Observe that, by Gauss 
formula, 

(1.2) (1, = / V99 • 7]da 

for any if S U'{E), where ^ is a sufficiently regular neighborhood of E, 
and T] and da are the normal outward unit vector and surface measure of 
dV, respectively. Suppose, for simplicity, that E is the closure of a bounded 
simply connected domain, so doE = dE. One can try to prove that n{E) < 
K{dE) directly from the definition (jl.ip and the identity ()1.2p . The idea is 
to modify the functions G U'{E) inside E to obtain functions ^ G U'{dE) 
such that (1,A(/?) = (1,A(^). The problem is that one cannot ensure that 
the gradients V(p are bounded by 1 in E. 

The second new result that we have obtained is theorem 14. 2t where we 
solve an open problem posed by A. Volberg (private communication). The 
problem can be stated as follows: 

Problem 1.1. Let f be a real continuous function defined on the cube Qq = 
[0,dY'~^ C M"-^ and let T = {{x,f{x)) G M" : x G Qo} be the graph of 
f . Prove that there exists a constant C > depending only on n such that 

Cd"^-^ < K{r). 

Note that, if diam(r) is comparable to d, problem 1 1 . 1 1 states that k{T) > 
Cdiam(r)"~^. This is a reasonable analogue of an important result in the 
area of analytic capacity which says that j{E) > ^dia,m{E) for any contin- 
uum (i.e., compact and connected set) E C C This classical result on 7 is 
a consequence of the 1/4-theorem of Koebe (see [Ga, theorem 2.1 of chapter 
VIII]), and a real variable proof was first obtained by P. Jones by using the 



notion of curvature of a measure (see Pj, Section 3.5]). 



One cannot expect this kind of estimates on k{E) for any continuum 
E C M", because, for example, a segment in has zero Lipschitz harmonic 
capacity. In fact, by using the identity (jl.2p . it is not difficult to show that 
k{E) = for any compact set E C M" with zero (n — l)-Hausdorff measure. 
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So, to obtain a reasonable analogue of the estimate of the analytic capacity 
of a continuum for the capacity k, one has to restrict himself to continua 
with positive (n — l)-Hausdorff measure or, in an easier way, to graphs of 
continuous functions. 

The structure of the paper is the following. Section 2 is devoted to the 
preliminaries, where we will talk about vector measures, Lipschitz and 
harmonic capacities, and harmonicity at infinity (which includes the exterior 
Dirichlet and Neumann problems). With these notions, we will be ready to 
state and prove the dual characterization of Kc (i.e., theorem 13. 3p . This will 
be in section 3. Section 4 is devoted to prove the two announced properties 
of K. 



2. Preliminaries 

In the whole paper, we assume n > 2. The word smooth means of class 
C°°, wherever we talk about functions or the boundary of an open set. We 
write xe for the characteristic function of a set E C M". The letter C will 
denote a constant which may be different at different occurrences and which 
is independent of the relevant variables under consideration. 

We denote by C{E) the set of real- valued continuous functions defined on 
a set C R", and by C{E)^ the cartesian product of n spaces C{E). 

Given a C°° orientable manifold M of dimension d < n and k G N U {oo}, 
let C^{M) be the set of real- valued differentiable functions in M such that 
their partial derivatives (with respect to the local coordinates chosen in M) 
of order less than k + 1 exist and are continuous functions in Af. In case 
that dM ^ 0, we can take a system of local coordinates 

{U CM,y={yi,...,yd)} 

such that U n M = y'^{{xd > 0}) and U n dM = y''^{{xd = 0}), for 
X = (xi, . . . ,Xn) € M". For the points p = y~^{x) G U H dM, the partial 
derivative of a function / : y{U) — > M with respect to the coordinate Xd at 
a point p = {pi, . . . ,Pn-i, 0) G y{U) is defined by the limit (if it exists) 



dxd 



^.^ fjPl, ■ ■ ■ ,Pn~l,t) - fjpi, . . . ,Pn-l,0) 



p t>0, t-+0 



When M C M", for any function if € C^{M) we can identify the differ- 
ential dip with a vector function in C(M)"^, so we say that ip € C^{M) if 
dip G C(M)"'. Clearly, dip = Vip if M is an open set. Notice that, if M is 
the closure of an open set with smooth boundary, ip\dM G C^{dM) for any 
ip G C^{M), and d{ip\QM) is the tangential part of d(p with respect to dM. 

It is an exercise to check that this definition of C^{M) agrees with the 
classical one for closures of open sets with smooth boundary, i.e., C^{M) is 
the set of continuous functions on M such that their gradients on intM can 
be extended to continuous vector functions on M. It also agrees with the 
definition oiC'^{M) given in [Pa] or [Whj . 

Our typical situation will be that M is equal to U, U or dU, for an open 
set U C M" with smooth boundary. 
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2.1. Vector measures. The Riesz representation theorem. Given a 
subset E C M" and a vector function / = (/i, . . . , /n) ■ E ^ M", define 



= sup{|/(x)| -.xeE}, 
where 

/ n \ 1/2 

\fix)\ = ( E(/^(^))'j • 

Clearly, C{E)'^ with the norm |[ • H^; is a Banach space. 

Given a bounded hnear functional A on C{E)'^ and a subspace J- C C{E)'^, 
define 

||A||^ = sup{|A(/)|:/G.F,||/|b<l}. 

For simplicity, we write |[/|[ and ||A|| instead of ||/||r'i and ||A||c{_e;)", 
respectively (when there is no confusion on what is E). 

Let M.{E) be the space of finite real Borel measures supported on E and 
M.{E)'^ the cartesian product of n spaces M.{E). The elements of J^{E)^ 
are commonly called vector measures. For fi = (/ii, . . . , G M.{E)'^, 
define the variation of /i on a subset F C E as 

{m m 
\fi{Fj)\ '■ F = \^ Fj, Fj is /ij-measurable 



where 



1/2 



\KFj)\ = [J2{f^i{F,)f 



Finally, define the total variation of fj, as ||^||_e = ImI It is proved that 
is a positive and finite measure on E (see for example [L2, theorem 3.1 
of chapter VII]). It is easily seen that || • H^; is a norm on the space A4{E)^. 

Any vector measure fi € A4{E)'^ can be considered as a bounded linear 
functional : C(£^)" ^ M by putting 



i=i 



On the other hand, the Riesz representation theorem (for scalar measures) 
shows that any bounded linear functional on C{E)'^ can be represented as 
for some vector measure fi G A4{E)'^. 

The concept of vector measure is widely treated in many text books (see 
for example |DSj or |DUj ) . However, usually in the literature, the Riesz 
representation theorem for vector measures is stated in a slightly different 
setting. The following theorem contains the detailed arguments to prove the 
corresponding Riesz representation theorem for our specific setting. 

Theorem 2.1 (Riesz representation). The map fi ('5/^) is an isomet- 
ric isomorphism of M.{E)'^ onto the space of hounded linear functionals on 
C{EY, so \\ii\\e = |K-,/i)|| for all fi e 7W(S)". 
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Proof. By the previous comments, it is enough to prove that the map /x i— ^ 
(■,//) is isometric to obtain the isomorphism. We have to check that for any 

ME = snp{\{f,f,)\:feC{Er,\\f\\E<l}. 

We win see first that sup{|(/,/i)| : / G C(£;)", \\f\\E < 1} < WfJ-h- By 
density, it is enough to prove that [(/, /u) | < for simple vector functions 

of the form / = (J2m ^rnXF™, • • • , Em OmXF™), where the sums are finite, 
the a^'s are real numbers, the Fj's are disjoint subsets of E, and ||/||_e = 
sup^(E"=i(flm)^)^^^ < 1. By the Cauchy-Schwartz inequality, 

1/2 

\2 



i=l m 



i=l 



1/2 



< SUp^(aj„)2 j;|Mi^m)l<ll/kl^l(i?)<llMb- 



a=l 



Let us prove now that \\h\\e < sup{|(/,/i)| : / G C{E)'^, ||/|j_B < 1}. Let v 
be a positive measure such that /ij is absolutely continuous with respect to 
ly for all i = 1, . . . ,n (for example i' = Y27=i 1/^*1' where is the classical 
variation of the real measure //j). Then fii = hiV, where hi is a i/- measurable 
function. Observe that, if we put h = (hi, . . . , then fi = hv and 



(2.1) 



=sup{K/,Hh/eC(i?)^ 



< 1} < / 



Consider the i^- measurable vector function g defined by g{x) = h(x)/\h(x) \ 
whenever h{x) ^ and g[x) = otherwise. Lusin's theorem can be adapted 
to our situation to prove that given e > there exists fs G C{E)^ with 
II/eIIb < WsWe < 1 and such that 



< e. 



This implies that 

Ihldv 



< 



(g ■ h)du = 



gdn 



for all e > 0. This estimate together with (12. ip proves that = 
j^\h\dv. So, to prove that \\^jl\\e < it is enough to check that 

|/^(-^)| ^ /i? I^l*^^ foi^ all F C i^-measurable. By a discrete version of 
Minkowski's integral inequality, 

2\ / n / „ \ 2\ 



E 



dfi, 



\i=i 



hjdv 



< 



Ki=l 



1/2 



du. 



Therefore, |^(-F)| < Jp \ h\diy, and the theorem is proved. 



□ 



A DUAL CHARACTERIZATION OF THE HARMONIC CAPACITY 



7 



2.2. The Lipschitz and C harmonic capacities. The fundamental so- 
lution (pn for the Laplace equation A/ = in M" is defined by 

fa„|xp~"" if n > 2, 

= ^ , I I -r o 

I a„ log \x\ II n = 2, 

where a„ is a constant which depends on the dimension n. 

We stated the definitions of the Lipschitz and harmonic capacities k 
and He in The defining conditions for U'{E) and U^{E) imply that 

the functions if € U'{E) are harmonic in E'^ and take the form ip — (f)^ * 
A(/?-|-constant, where this last equality is in the sense of distributions; but by 
the definitions of k and Kc we can suppose that, in fact, = <j)n* Aip. Recall 
that, if T is a compactly supported distribution, then for each € C°°(]R") 
with compact support, by definition (in view of parity of 

{4>n*T,^p) = (r,0„*v), 

where (pn * ip{x) = J (j)n{y)'>P{x — y)dm{y) and m is the Lebesgue measure 
on R". 

Therefore, if we take 

U{E) = {99GLipL(K") :suppA(^C^,(^ = 0„*A(^}, 

Uc{E) = {v? G C^{W) : suppAy? c E,ip = (j)n* Aip}, 

we can redefine the Lipschitz and harmonic capacities by 

k{E) = sup{(l, Ap) U{E), \\Vp\\oo < 1}, 

Kc{E) = sup{(l, A99) : 99 G Uc{E), || V(^||oo < !}• 

2.3. Harmonicity outside a compact set and at infinity. Most of this 
section can be found in [FoJ. 

Definition 2.2. For any set £' C R" U {00} we define E* = {x/\x\'^ : x G 
E} C R" U {00}. Given a function u defined on a set E C \ {0}, define 
the Kelvin transform of u by 

= [xp""n(j;/[xp), forxeE*. 

Theorem 2.3. The Kelvin transform is its own inverse. If V C R" \ {0} 
is an open set, then a function u is harmonic in V if and only if K^ is 
harmonic in V* . 

Definition 2.4. If E d R" is compact and u is harmonic in E'^, then u is 
harmonic at 00 provided K^ has a removable singularity at the origin. 

Theorem 2.5. Suppose that u is harmonic in E^, where E C R" is compact. 
Then, the following three conditions are equivalent: 

(1) u is harmonic at 00. 

(2) [ti(a;)| = 0(1) as X —> 00 (n > 2), or 
\u{x)\ = o(log ja;|) as x ^ 00 {n = 2). 

(3) |tt(a;)| = 0(|xj^^") as x ^ 00. 

In particular, any function which is harmonic at infinity vanishes at infinity 
when n > 2 and is bounded when n = 2. 
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Theorem 2.6 (Exterior Dirichlet problem). Let i7 C M" 6e the closure of 
a bounded domain with smooth boundary. Given h S C{dO,) there exists 
a unique function u € C{0,'^) such that u is harmonic in il*^ U {00} and 
u\Qn = h. If he C°°(aJl), then u G C°°(0). 

Theorem 2.7 (Exterior Neumann problem). Let Vt C he the closure 
of a hounded domain with smooth boundary and r] the outward unit normal 
vector on 90. Let Vi, . . . ,Vm be the hounded connected components of Q'^ 
and Vq the unbounded one. Let h G C{dO,) such that 

hda = for all i = 1, . . . ,m. 

(1) Assume n > 2. Then, there exists a function u E C^{^^) such that 
u is harmonic in ff^ U {00} and (Vu ■ ?/)jaQ = h. The function 
u is unique modulo functions which are constant on each bounded 
connected component offl'^. 

(2) Assume n = 2. Then, there exists a function u G C^{^^) such that 
u is harmonic in 17*^ U {00} and (Vn • 7/)|gf2 = h if and only if 

hda = 0. 

dVo 

In that case, the function u is unique modulo functions which are 
constant on each connected component ofil.^. 

In both cases, u G C^{Q) if h e C^{dn). 

Remark 2.8. Theorem 12.71 corresponds with theorem 3.41 of jFoj. If we do 
not have the assumption J^^^ hda = in theorem 12.7( 2). we can still find 

a function u G C^{Q.'^) harmonic in and such that {Wu ■ ?7)|an = /i, by 
looking carefully at the proof of theorem 3.41 in [Fo]. Moreover, u can be 
taken as 



u{x) = I \og\x - y\uQ{y)da{y) 
JdVo 

for all X £ Vq and for some uq G C{dVo) depending on h. But now, u may 
not be harmonic at infinity (because it may not be bounded) and we cannot 
ensure uniqueness in modulo constant functions. In fact, in proposition 
3.35 of |Fo] it is shown that our particular solution u is harmonic at infinity 
if and only if Jgy^ hda = 0. 

Lemma 2.9 (Green's formula). Let Q C M" he the closure of a hounded 
domain with smooth boundary and rj the outward unit normal vector on d^l. 
Let u and v be harmonic functions in Q'^, up to dil, and such that 

\{u{x)Vv{x) — v{x)\/u{x)) ■ x\ = o(|xp^") 

when \x\ — > 00. Then, 

/ (Vu • r])vda = / u{Vv ■ rf)da. 
Jan Jan 

Proof. Let Br be the ball centered at the origin with radius R, and take 
R > M such that 0, C Define ^Ir = Br \ and let r/ denote also the 
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inward unit normal vector on dBn. By Green's formula on fi^, 



(Vti • r])vda = I {Vu ■ r})vda — I (Vn • r])vda 



u{\7v ■ rfjda — I (Vu ■ rj)vda 
dnn JdBji 

u{Vv ■ r])da + / {u{Vv ■ rj) — {Vu ■ r])v)da. 
an Jobr 



For any R big enough, by the assumption on u and v, 



(u(Vt> • r]) — {Vu ■ ri)v)da 
OBr 



< / jtiVu • T] — vS/u ■ r]\da 
JdBn 



and letting R ^ oo we obtain the desired result. □ 

Remark 2.10. Let C be the closure of a bounded open set with smooth 
boundary. In the next section, we will need to apply Green's formula to 
pairs of functions (p and n, where E Uc{^) and tt is a function harmonic 
in U {oo} and continuous up to dO,. For this reason, we give now some 
estimates on the behavior of ip and u near infinity. 

Let If € Uc{^)- By applying Gauss formula, we have that for all x £ fi'^, 



(fix) = I (l)nix - y)Ayip{y)dm{y) 

(divj/(</>„(x - y)Vyip{y)) - Vy(f)n{x - y) ■ V y(p{y))dm{y) 



(j)n{x - y)Vyip{y) ■ rj{y)da{y) + / V(j)n{x - y) ■ Vyip{y)dm{y), 
an Jn 

where rj and da are the outward unit normal vector and surface measure 
related to dQ. 

Assume n > 2. By computing the derivatives of (pm it is an exercise to 
see that any ip G Uc{^) satisfies the statement (3) of theorem 12.51 so it is 
harmonic at infinity. It is proved in [FoJ (proposition 2.73) that any function 
u harmonic outside 0, and at infinity satisfies \Vu{x) ■ x\ = 0(|xp~"'), so 
lemma [2^91 can be applied to the pair ip and u, and Green's formula holds in 
that case. 

The case n = 2 is a little bit different, because we cannot ensure that a 
function (p £ Uc{^) has the required decay at infinity. We have the estimates 
= 0(log|x|) and |V(/?(x)| = 0(|x|~^) near infinity (and we cannot 
apply theorem 12.5( 2)). For a function u harmonic outside Q and at infinity, 
we still have the estimates \u{x)\ = 0(1) and \\/u{x) ■ x\ = 0{\x\~^), as 
can be seen in proposition 2.73 of |Fo] . These estimates are not enough to 
use lemma E^ni because \u{x)S/ip{x) ■ x\ = 0(1). But, if u{oo) = 0, then 
|n(x)[ = o(l) and we can still apply lemma [2?9] in that particular case. 
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3. The heart of the matter 



In the whole section, C M" will be the closure of a bounded open set 
with smooth boundary and rj will denote the outward unit normal vector on 

dn. 

Consider the following normed spaces related to the compact set il.: 



where B{i}) is equipped with the norm || • ||q and the orthogonal spaces 
B{^})-^ and bB{^})^ are equipped with the induced norm from A4{i})"'. It is 
easily seen that the norm in bB{Q)^ induced by the space coincides 
with the norm induced by the space Ai{dQ)^. 

Let A{i}) be the set of smooth vector fields on dQ. For any g G A{Q), let 
g-r be the tangential component of g and grj ■ r] the normal one, i.e., grj = g-i] 
and gr = 9 — g-qV- Notice that gr^ is a scalar function while gr is a vector 
one. Denote by Ug the unique harmonic extension of 5^ to U {00} given 
by theorem ESI Define Ao{n) = {g £ A{n) : Ug(oo) = 0}. By theorem [231 
Ao{n) = A{n) for n > 2. 

For any g G A{Q), the divergence of gr on di} can be defined by its action 
on smooth and compactly supported functions 99 as 



In the right hand side, we can replace V(p by {'Vip)r, which only depends on 
the values of (/? on Ofi (remember that {'V(p)r = d{(p\Qfi)). This definition 
agrees with the classical one of divergence in the context of Riemannian 
manifolds in M" (see |Waj ). 

The following theorem is a little modification of theorem 3.1 in |GK) . 
where the orthogonal of the space of harmonic gradients inside il. is studied. 
In our case, we need the harmonicity outside O. Our proof is almost the 
same as the one of |GKj and, for completeness, we include all the detailed 
arguments. 

Theorem 3.1. Let g G Aq{^1). Then gda G bB{Q)^ if and only if 



Such measures are weak* dense in bB{Q) , i.e., for all fx G bB{Q) there 
exists a sequence {g"^}m<=N C Aq{Q) such that div^f™ = Vugm ■ rj for all m 
and 



B{n) 
B{n)^ 
bB{n)^ 



{feC{nr:f = V^,^eUcm. 

{H G A^(0)" : = for all / G B{n)}, 

{fj. G B{0,)^ : supp^ C dfl}, 





div gr = ^Ug ■ r] on dil. 



hm {f,g^da) = {f,fi) 



for all f G C(aO)". 

Proof. Let g G Ao(il) and take Vip € B{Q). Then, 
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The pair (p and Ug satisfies the statements of lemma 12.91 by remark 12. 10^ 



so 



{Vip, gda) = I (f{S/ug ■ rj - divgr)da. 
Jan 

This integral vanishes for all (p such that Vy? G B{Q) if and only if div^r,- = 
Vug ■ T] on dQ. 

To prove that such measures gda are weak* dense in bB{^)-^ it is enough 
to prove that if / € C{dQ)'^ and {f,gda) = for all such g, then there exists 
tP G Ucin) with (y^p)\an = f. So, consider / G C(aJl)" with 

(3.1) = (/, gda) = {f^-g^ + fr,gr,)da 

Jan 

for all g G Ao(i}) such that div^r,- = Vug-r] on dVL. By Hodge's decomposition 
theorem on the Riemannian manifold (see [MCt lemma 9.1]), = d(p + 
hr, where 93 G C^{dQ) and hr is a tangential vector field on dQ such that 
divhr = 0. If we take grj = and gr = hr in ()3.ip . we obtain 

= (f, qdcj) = / (dw ■ Qr + hr ■ q-r)da = / l/iT-Pdo", 



{f,gda)= / {dip ■ gr + hr ■ gr)da = / 
J(9f7 Jan 

/it- = and fr = dip. This implies that 

/ /r • Sr'^f'" = / dip ■ grda = — ipdivgrda = — ip{Vug ■ ifjda, 
Jan Jan Jan Jan 



lan Jan Jan Jan 

and then (13.11) takes the form 



(3.2) / fr,Ugda = / ip{Vug ■ r])da. 

Jan Jan 

For any hole H 0, (i.e. H is a bounded connected component of i7^), 
consider a vector field g G ^o(^) such that g = tj on dH and fl' = elsewhere. 
Then (j3.2p shows that Jq^ f-^da = 0, so we can apply theorem 12.71 (and also 
remark 12.81 for n = 2) to solve the Neumann problem on the complement 
of Q with boundary data Let tp G C°°{Q'^) n C(i7'^) be a solution such 
that VV'(oo) = (this is automatically satisfied for n > 2 using the Kelvin 
transform and computing the derivatives, and can be assumed for n = 2 by 
remark 12. 8p . 

As we did in remark 12.101 it is easily checked that Ug and ip satisfy the 
statements of lemma [2?9] if n > 2, so we deduce from ()3.2p that 



(3.3) / {(f - i)){Vug ■ 'n)da = 0. 

Jan 

This equality holds for all Ug harmonic in i}^ and smooth up to such 
that there exists g G Aq{0,) with Ug = g ■ tj and divf^,- = Vug ■ r] on dQ. We 
are going to see that (|3.3p implies that — ■0 is constant on each connected 
component of d^l. 

Suppose we have a smooth function q on d^l such that qda = for each 
connected component S of 50. Then, by the maximal de Rham cohomology 
theorem on the Riemannian manifold 5 (see |L1] . theorem 1.1 of chapter 
XVIII), the differential form qda is exact, i.e., there exists a smooth vector 
field w tangent to S and such that divtt; = q. On the other hand, the 
Neumann problem with boundary data q can be solved on by theorem 
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12. 7i Therefore, we can assume that this solution (cah it Ug) vanishes at 
infinity. Summarizing, given the function q we have constructed a smooth 
vector field w + Ug ■ r] £ Aq{Q) such that divw = Vug ■ r] on dQ. 
So, we deduce from (13.31) that 



(3.4) / - ij)qda = 

Jan 

for all smooth functions q on 90 such that Jg qda = for each connected 
component S of d^. 

Therefore, we deduce from (13.40 that ip — ip\s constant on each component 
of do,, and we obtain (V'i/')T = dip = fr on dVl. Remember that VV' 'V — frj^ 
so W = / on dn. As / G Cidny^ and A-i/' = in n", we have V e C^IF) 
because each coordinate of Vip must be given by the Poisson integral of 
the corresponding coordinate of /. By the Whitney extension theorem (see 
[Whj . or |Paj theorem [8]), we can extend i/j inside O to have ip € C^(M"). 
We have finally obtained ip G C^c(^) and "Viplan = /i so the theorem is 
proved. □ 

Proposition 3.2. If ^ £ B{n)-^, then fi\dn G bB{n)^. 

Proof. Let Vy? G B{il.). We have to check that {^fjlJ-lan) = 0. 
Because of G 5(0)-*-, 

(V93,/i|an) = / Vv?d^ = {Vip,fi) - / V(/?d^ = - / V99d^. 

./ 9C J intSl ./ intf2 

Consider a Whitney decomposition intO = IJi^fqQi, where {QjjieN are 
disjoint cubes such that 2Qi C intO for all z G N and the family {2(5i}jGN 
has finite overlap of order M, and consider a partition of unity subordinated 
to this decomposition: let {V'jjieN be a family of functions such that 
< V'i ^ 1) ll^^ill ^ C/diam(Qj) and supp^/^j C |Qi for each z G N, so that 
X^jgN V'i = 1 ill inti7. Then = ^jgj^ ipif in intfi and at most M terms are 
non zero in the last sum for all x G intfi. 

Observe that 

/ V{'ipnp)dn = (V(V'iV'),/u) = 0, 

J intC 

because supp(^/^i(^) C intfi and V{ipi(p) G -6(17). Hence, for G N 

AT 



/ Vipdfj, = / S/ifdfi — / S/{ipiip)dfj, 

A 

J intf2 i=l intf2 

= / V99 (^1 - ^Vi) / ^^Vtpidn = I + II. 

By dominated convergence, |/| — > as — > 00. 
In order to estimate |//|, define the set 

Qat = {x G into : 3i > A^ with x G suppV'j}- 
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Clearly, ^n+i C and PlAreN ~ ^- Because of the finite overlap of the 
squares 2Qi, we also have 

N 

(3.5) VV'i(x) = for ah x G intO \ Otv. 

i=l 

Let Xi be the center of Qi. Using that S/ipi E B{^}), that suppipi C intrj and 
equation ()3.5p . we deduce 

N 

11= - (p{xi))V'il)i{x)dfi{x). 



For all X G Otv, 



AT 



N 

< J^|(^(x)-v9(x,)||VVi(x)| 

N 

< 'Y\\Vip\\n\x - XiWVipiix)]. 
1=1 

If X € suppV'j, then |VV'i(x)||x — Xj| < C. Because of the finite overlap of the 
cubes 2Qi, each x G ^In belongs to the support of at most M functions ipi, 
so the last sum is less than or equal to CM||V(^||q (which does not depend 
on X G r^Af). This implies that 

\II\<CM\\Vip\\nMnN). 

Now, limTv^oo |At|(^Af) = I/^KPIatgn ^A^) ~ 0' ^° l^-^l ~^ ^ when N ^ oo. 
This completes the proof. □ 

Theorem 3.3. 

Kci^) = min I \\r]dao + ^H^^n : M ^ B{Q)^,suppfi C 9oil| , 
where dag is the surface measure of do^, i-e., the restriction of da to do^- 
Proof. By definition, 

(3.6) = sup{(l, Aip):ipe Uc{n), \\Vip\\ < 1}. 

Using Gauss formula, for each (p E Uc{^) we have 

{l,Aip) = / Vip-rjda 
Jan 

= / Vip ■ r]da + / Vip ■ rjda = / Vip ■ rjdao, 
Jdon Jan\don Jdo^ 

because each connected component of \ is the boundary of a smooth 
bounded domain where if is harmonic. 

Define the functional $ : C(ri)" ^ M as $(/) = fgf^f- r]dao. Then (ISlel) 
becomes 

Kc{n) = snp{\^{Vip)\:Vip£B{n),\\Vip\\<l} 

= sup{|<I>(V</.)| : Vif G B{n), WVifWn < 1} = ll^llB(n), 

because \V(p\ is subharmonic when (p is harmonic, and the maximum prin- 
ciple can be applied. 
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Clearly, a functional ^ on C(r2)" is an extension of $|_b(o) if ^^^^ only if 

^ := <^ is orthogonal to B{0,), and for all such extensions ||^||_B(f2) ^ 11*^11- 
Hence, 

ll*^llB(n) = min I ll^ll : <I> is an extension of to C(r2)"'| 

= min{j|<l> + ^'11 : ^' is orthogonal to B{^})} 
= min jllr^dcJo + /u||q : /X e , 

where we have used by Hahn-Banach's theorem in the first equality, and 
Riesz's representation theorem 12. II in the third one. 
Observe that for any measure supported on J7, 

Ikbrilbc = ll'^lanlb < \W\\n, 

so by proposition \'S.2\ 
min |||?7(io-o + l-i-Wn ■ A* ^ ^(^)"^} = min | ||7?(icJo + fi\\dn ■ M ^ bB{i})^^ . 

It only remains to check that the last minimum is attained on a measure 
fi G bB{Q)-^ with supp^ C do^- 

By theorem 13. H for every fj, G bB{^l)-^ we can find a sequence hn € 
Ao(Q) n bB{Q)^ that tends weakly* to /U. Since the connected compo- 
nents of are a finite number of disjoint compact sets, we see that hnXs 
tends weakly* to fi\s for every connected component S of dfl. In particular, 
hnXdon tends weakly* to and, by theorem[3lIl hnXdoO. G bB{9)^ for aU 
n,fioiJi\a^^ € bB{9)^. We also clearly have \\r]dao+lJi\aon\\dn < \\^r]d(^o+^J'\\^^l■ 

To summarize, for every measure ^ G B{Q)^ with supp/i C 50 we have 
seen that ^la^n G -B(r2)^ and that 

||7?dcro + = \\ridao + p.\don\\dQ. < Wildao + fJ.\\an, 
so the theorem is proved. □ 

4. Some consequences of theorem 13.31 
Theorem 4.1. For every compact set E C M", n{E) = K{doE). 

Proof. Since k is non decreasing set function, k{E) > K,{doE). 

In order to prove the converse inequality, let {i7^}meN be a sequence of 
closures of smooth neighborhoods of E collapsing to E, i.e. 

E C J^^+i C intl7^, ^^i, = E. 

mGN 

Denote by V the unbounded connected component of E'^ and consider the 
bounded open set V = V . Take an increasing sequence of open sets {V^}m 
such that 

mGN 

and with smooth boundary, for all m. Finally, define the sequence 
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By construction, the sequence {Cl'^}m<^N is a decreasing sequence of closures 
of bounded open sets with smooth boundary. Observe also that do^m — 
dofll, for ah men. 

Now, if a; € doE = dV, then x G for all m G N. On the other hand, 
if X G C Q^yi for all m G N, then x€Vr\E,sox£ BqE. Therefore, we 
have proved that HmGN ~ doE- 

By [Pij lemma 2.2(7), 

lim K{yi]^) = k(E), 

m^oo 

lim K{nl,) = K{doE). 

m— >oo 

Let rjm be the outward unit normal vector on So^^m ^"^^ da^ the surface 
measure on do^ln- is easy to see that a measure fj, supported in do^^ 
belongs to 5(0^)-'- if and only if it belongs to 5(0^)-'-. Applying theorem 

i^ci^ln) = min { W^mdam + fJ-hon}^ ■ M ^ -B(ri^)-^, supp^ C do^lii] 
= min I Wri^dam + f^Wdonl^ ■ M ^ -B(f^m)"^, supp// C 5oJ^^} 

By definition, Kc is also monotone and Kc < k and by [Pa] lemma 2.2(1), 
both capacities coincide on open sets. So, we have 

The theorem is proved by letting m tend to infinity. □ 

Theorem 4.2. Let f be a real continuous function defined on the cube 
Qo = [0,d]"-i C M"-^ and let T = {{x,f{x)) G M" : x G Qo} be the graph 
of f . Then, there exists a constant C > depending only on n such that 

Proof. The proof is based on theorem l4.1l and the semiadditivity of k. Start- 
ing from Qq, consider a decomposition of M"~^ into cubes Qi of side length 
d and with disjoint interiors. By doing reflections with respect to the sides 
of the cubes Qi, we can extend / to a function / continuous on M""^ and 
such that / in Qi is a reflection of / in Qq. 

Let Q"^ be a cube in M"^^ of side length md made by the union of m""^ 
cubes Qi. Let Pm be the graph of the function / on Q™, i.e., 

P™ = {(x,7(x)) gM^ixGQ'"}, 

and consider its translation 

P^ = {(x,7(x) + 4||/||qJgM":xgQ™}. 

Clearly, the sets P^ and P^ do not intersect. Moreover, they are separated 
by the set Pm = {{x, 2||/||qJ : x G Q"}. 

Finally, let Em be the region enclosed by Pm, P^ and the 2(n — 1) pieces of 
vertical hyperplanes of M" that join the endpoints of Pm and P^- Roughly 
speaking, E^. is a kind of n-dimensional rectangle which has Pm as the 
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bottom side and rf„ as the top side. By construction, Em is a compact set 
that contains Pm, so 

(4.1) K{Em) > K{Pm) = C{mdr~^ 

by |Paj lemma 2.2(8). Applying theorem 14.11 the countable semiadditivity 
of K and |Paj lemma 2.2(8), we have 

(4.2) K{Era) = K{doE^) < C{K{Tm) + k{T'J + 20(n - l)\\f\\Q,{mdT-^). 

By the construction of Tm and the countable semiadditivity of k, ^(r^) = 
K'i^m) < Cm"-iK(r), SO g2I) becomes 

(4.3) ^{Em) < C(2m"-iK(r) + 20(n - l)||/||Q„(md)"-2). 
Combining (fO]) and (fO]) . we get 

> Cm--'d--'-CV\\Q,{mdr-' ^ _ ^ JI/llQpd"-^ 

where C" > is an absolute which only depends on the dimension n. Letting 
m ^ oo, we obtain 

Kir) > c<p-\ 

and the theorem is proved. □ 

Remark 4.3. One can show that k,{E) > Cdiam(i?) for any continuum E C 
by using the same ideas as in the proof of theorem 14.21 One starts by 
choosing two points a,b & E such that diam(£') = |6 — a| and assuming 
that these points belong to the real axis in M?. Then, one extends the set 
E by symmetries along the real axis as we did before. The rest of the proof 
remains the same. 

The inequality k{E) > Cdiam(i?) for a continuum C was stated as 
an open question in problem 2.6 of [Pa] and was first proved by P. Jones by 
using the notion of curvature of a measure and other capacities called 7+ 
and (see Pj , |To2| . and [Voj ) . We have proved it by a different method. 
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